We discuss the finite temperature extension of the anomalous Wess-ZuminoWitten lagrangian. The finite temperature S 1 × S 3 compactification makes a structure in disconnected sectors, corresponding to different baryon numbers appear nat- for a complete and detailed exposition), which reproduces the correct QCD anomalies and, consequently, the low-energy limit of anomalous processes involving hadrons and photons, such as
sigma-model one plus the WZW term [4] [5] :
T r(U −1
Here, F ≃ 93MeV is the pion decay constant, M is the mass matrix, N c is the number of colours, I is the interval [0, 1] in which t varies , d ≡ ∂ µ dx µ , d t ≡ ∂ t dt. The last term is antisymmetrized in all the indices, according to the notations in [5] , which we shall use in what follows almost everywhere. U t is a continuous mapping U t (x) : I × S 4 → SU (3) such that U 0 (x) = 1, U 1 (x) = U(x) i.e. it is a homotopy. Since the fourth group of homotopy π 4 (SU(3)) = 0, all the mappings U(x) are deformable one into another, and such an homotopy U t (x) always exists for any U(x). The WZW term appearing in eq. (1) is independent of the homotopy U t (x) and, so, it is in fact a function of the chiral field U(x) only.
In the T = 0 case, the situation is quite different : in the imaginary-time formalism for the partition function [8] , the euclidean time coordinate τ runs from 0 to β = 1/T and the fields are periodic in τ (U( x, τ + β) = U( x, τ )). Then, if we compactify the euclidean three-space to S 3 by imposing boundary conditions at infinity, we deal with applications U( x, τ ) : S 1 × S 3 → SU(3). x will always denote a vector in S 3 . These applications are not all homotopically equivalent, i.e. they are not deformable into one another as in the previous case of the S 4 compactification at T = 0. In fact, there are as many homotopy classes of those mappings as integer numbers [9] . The integer label that classifies a given map can be written as:
where d ≡ ∂d x in three dimensions and (2) is antisymmetric in all the spatial indices.
Notice that N B in (2) for a given τ is the winding number in π 3 (SU(3)). As π 3 (SU(3))=Z
(the set of all integers) also, N B cannot depend on τ , and it in fact characterizes topologically different maps in S 1 × S 3 . This integer N B has a natural physical interpretation as the baryon number of the configuration.
In this work, we shall consider the case in which weak gauge couplings are neglected.
Then, baryon number is strictly conserved. Under these conditions, there exist different disconnected sectors corresponding to N B = 0, ±1, ±2, .... Transitions between them are forbidden, and we must define our WZW lagrangian in each sector separately, because there is not any homotopy transformation connecting every U( x, τ ) field with the identity.
If gauge couplings with SU(2) L gauge fields were considered, the baryon number current would become anomalous [10] and transitions from one sector to another would in principle be allowed.
At this point, we would like to stress that the S 1 ×S 3 compactification scheme is useful not only to study finite temperature effects, but also at ZT in cases where it is important to have a clear realization of the baryon number [4] .
Let us consider now the following S 1 × S 3 WZW functional at finite temperature for the j-th (or N B = j) sector:
U( x, τ ) being in the j-th sector.Ū j ( x, τ ) is a given field also belonging to the j-th sector and hence, in the general case, it is different from the identity, except for j = 0
where it can be taken to be unity (Ū 0 ( x, τ ) = 1). U t (t ∈ I) is now a continuous application
. N is a constant to be determined.
As in the T = 0 case, in order to show that Γ j is the correct anomalous functional, it is necessary to demonstrate that it is independent of the choice of the homotopy operator
, it depends only of the values at the boundary, and that it reproduces the QCD anomalies (for instance, the U A (1) anomaly that gives rise to the π 0 → γγ reaction).
Furthermore, in this case, it is necessary to prove also the independence of the results on the choice of the class representativeŪ j ( x, τ ).
In order to show the independence of the functional in eq.(3) on the homotopy connecting the chiral field with the homotopy class representative, we consider the difference T r{(gh)
where g and h are applications from a five-dimensional manifold into the SU(3) group and α(g, h) is a 4-form whose detailed form can also be found in [5] , it is possible to write:
The α term vanishes due to the property α(g, 1) = α(1, g) = 0 for any g. h t is periodic in t, and so the above difference is equivalent to compactify the I interval into S 1 (by identifying the extreme points).
If we want our quantum partition function to be insensitive to the above variation, the difference in (5) must be 2πin, n being an integer. This is almost trivial in the T = 0 case, because the integral in (5) is over S 1 × S 4 and mappings of this space into SU (3) are classified by the homotopy group π 5 (SU(3))= Z [9] . But (5), when integrated over
, is just the expression for the winding number in π 5 (SU(3)) and so, it is equal to 2πin if the proper choice of the constant N is made. However, in our present case things are different. The mappings from
but there are Z × Z classes [9] . Hence, in principle, it is not clear whether (5) should be 2πni.
To prove that this is really the case, we make use of the Atiyah-Singer index theorem [11] in six dimensions, which reads [5] :
Here, i D is the usual Dirac operator for fermions coupled to a SU(3) gauge field A with strength field F = dA + A 2 , and M 6 is any six-dimensional Euclidean and compact manifold. ind i D is the index of the Dirac operator and it is, of course, an integer. Let us consider the space M 6 = S 1 × S 1 × S 4 , which can be decomposed as the union of eight patches isomorphic to R 6 , namely
, where D 4 is a four-dimensional disk and I is the unit interval. A given gauge field is only well defined over each patch (for example
. Two gauge fields A 1 , A 2 , corresponding to two different patches, must differ by a gauge transformation defined on the intersection of the patches i.e.
g being an application from the intersection of the corresponding patches into SU(3). Let us consider the following gauge field configuration : 
Then, by writing the r.h.s. of (6) for the above gauge field configuration as a sum over the different patches and, then, applying the Stokes theorem in each patch, we arrive to the desired result, namely:
m being an integer. Another way to prove this is to take
and the gauge field configuration
with the restriction that g takes the same value in the two poles of S 2 . Then, it is equivalent to an arbitrary map of S 1 × S 1 × S 3 into SU(3). Notice that the result (7) is independent of the choice of class representativeŪ j ( x, τ ).
As discussed above, the next thing we have to study is the transformation properties of the functional in eq.(3). In order to do that, we consider two arbitrary representatives of the j-th classŪ 
We find:
As it was discussed above, the functional Γ j [U t ] depends only on the values that U t takes at t = 0 and t = 1 and, in addition, U A t ω t is equal to U B t at t = 0 and t = 1. Then, we can write:
We also have:
So, we can write:
where α(g, 1) = 0 has again been used. Therefore, we arrive to the conclusion that
A j ] does not depend on U. Thus, if we introduce another chiral field U ′ belonging also to the j-th class, we get:
This is a very interesting result, since it shows that the variations of the functional in eq. (3) corresponding to small variations (in the topological sense) of the chiral field U do not depend at all on the class representativeŪ j . This applies of course also to the anomalous variations or the Green functions obtained from this functional. The independence of Green functions onŪ j can be seen, for instance, by expanding Γ j [U;Ū j ] near a classical field configuration U = U c in order to get the effective action including loops, and by taking into account eq. (12) . As a particular case, we can consider the trivial sector j = 0 and choose the identity as the class representative. Now, we can write the chiral field U in terms of the Goldstone boson fields π a in the standard way as U = exp(i a λ a π a /F ).
Then it is possible to make a derivative expansion in eq. (3) retaining only the lowest (four) derivatives. Finally, by using the Stokes theorem, we get an action which is the integral on S 1 × S 3 of a lagrangian which properly reproduces processes like
Now we want to see that the functional in eq. 
and so, by applying again (4) we obtain :
where the α term is four-dimensional and it is the t = 1 contribution.
Again the t = 0 one vanishes (α(g, 1) = 0). As we have seen in the general case in eq. (12), the variation of Γ j has always the same form for each sector, independently ofŪ j .
On the other hand, the r.h.s of (13) with the above replacement. Therefore, it has been shown that the WZW term in eq. (3) is consistent with other previous results on QCD anomalies at finite temperature [12] .
As a consequence of the above discussion, we arrive at the conclusion that the functional, in eq. (3) However, a nucleon can be located at any place of space and, therefore, we do not have a single state but many of them, degenerated and connected by simple spatial translations.
The description of these states in terms of chiral fields is, clearly, some kind of skyrmion configuration located in some given point of the space. However, to obtain the concrete form of this configuration one needs to compute the effect of the higher derivative terms appearing in the χP T lagrangian. It is clear that, in practice, this can only be achieved in an approximate way, for instance, by retaining only a few of the lowest derivative terms.
Once an appropriate description of the chiral field describing the nucleon be available, the functional in eq.(3) could be used to compute anomalous reactions in the j = 1 sector, such as the decay of pseudoscalar excitations of the nucleon into two photons and one non-excited proton. Of course, this discussion can be extended to the low energy states corresponding to higher baryon numbers, which could in principle provide a description of other nuclei.
One may also calculate the effects of loops in χPT in the trivial sector, by taking into account the functional of eq.(3). The compactification S 1 ×S 3 allows us to carry out these calculations at finite temperature and/or finite volume (the total action for computing loops is now the obvious finite temperature extension of the first integral in the r.h.s. of (1) plus (3)). For instance, it is possible to obtain non trivial finite-T corrections to the decay of the π 0 into two photons [13] . This is important in a theoretical sense, because one must check that there are no infinite contributions that would change the constant N in (7) due to renormalization effects. Also, from a phenomenological point of view, the π 0 could be living in a hadronic medium and temperature effects affecting its decay can be analyzed. It is important to recall, that in the finite volume case, one must take into account the fact that the chiral limit M → 0 and the infinite volume one V → ∞, V being the volume, do not conmute (see [14] ). At finite V there is no spontaneous symmetry breaking, and the limit M → 0 is inconsistent. The symmetry must be explicitely broken with the mass term and then the infinite volume limit can be taken. This is a crucial point here, because the R → ∞ limit, R being the radius of S 3 , must be taken at some
stage. This means, of course, that our actual extension of the WZW functional allows to study in general the T = 0 case with infinite volume.
To conclude, we would like to summarize the main results of this work: The following functional :
..m = 1, ..., 5 (14) which is a more explicit form of (3), provides the proper version of the WZW functional for S 1 ×S 3 compactification of the space time reproducing correctly the QCD anomalies. This compactification is appropriate for finite temperature or/and finite volume computations, so that we can reproduce previous results in QCD anomalies and study processes like π 0 → γγ, both at finite T and/or finite V . It also provides a clear description of the baryon number in χP T . In particular, the functional in eq.(14) (or its gauged version with the electromagnetic field) could in principle be used to compute anomalous processes involving states with non zero baryon number. One could also envisage the possibility of
